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Abstract 

In the field of orthogonal polynomials theory, the classical Markov theorem shows 
that for determinate moment problems the spectral measure is under control of the 
polynomials asymptotics. 

The situation is completely different for indeterminate moment problems, in 
which case the interesting spectral measures are to be constructed using Nevan- 
linna theory. Nevertheless it is interesting to observe that some spectral measures 
can still be obtained from weaker forms of Markov theorem. 

The exposition will be illustrated by orthogonal polynomials related to elliptic 
functions: in the determinate case by examples due to Stieltjes and some of their 
generalizations and in the indeterminate case by more recent examples. 


1 Background material 

Let us consider the three terms recurrence ^ 

xPn — bn—I Pn—1 P (^nPn P bn Pn+lj Tl P 1.. ( 1 ) 


We will denote by and Qn two linearly independent solutions of this recurrence with 
initial conditions 


Po{x) = 1, Pi{x) = 


X — ao 


JQ 


Qo{x) = 0 , Qi{x) = 

bo 


The corresponding Jacobi matrix is 

/ ttQ bo 0 0 0 ■ ■ ■ \ 

bo ai bi 0 0 ■ ■ ■ 

0 bi 02 &2 0 


( 2 ) 


( 3 ) 


If the bn > 0 and G M the Pn (resp. the Qn) will be orthogonal with respect to a 
positive probabilistic measure ip (resp 


J Pmix) Pnix) clljj(^x) ^mni 


J Qmix) Qni,x) d'lp^ ^ (x) bmny 


( 4 ) 


with the moments 


■Sn 




n > 0, So = 1 


( 5 ) 


If supp tjj C [0, +cx)[ we have a Stieltjes moment problem while if supp tjj c] — oo, +cx)[ we 
have a Hamburger moment problem. These moment problems may be determinate (det S 
or det H) if the measure is unique or indeterminate (indet S or indet H) if it is not unique. 
For further use, we will introduce new polynomials Fn{x) by 


PJx) = 


-ly 


T Pri) bn Xnf^n+1: ^ P 0, 


Pn{x), n>0, 


AqAi... A„_i 

TTq 1, TT^ , ^ I5 

/^l/^2 * * * /^n 


From (1) we deduce 


( 6 ) 


—xFn — lin+lFn+1 P (An + l^n)Fn P A„_lPn-l, 
F_i(a;) = 0, Fo{x) = l, 


( 7 ) 


^We stick, as far as possible, to Akhiezer’s notations in [1]. 





Similarly, defining 




,x) 


( 8 ) 


one can check from (1) that the Fn^\x) are a solution of the recurrence (7) with the 
substitution (A„,/i„) —(A„+i,i. e. the associated polynomials of order one. 
Notice the useful relations and notations, valid for /io = 0, easily derived by induction 


Pn{0) = 


Qn{0) = (-1)' 


ttr. 


1 

Q-n 




(9) 


The determinate case 


2 Markov theorem 

In the determinate case (det H hence det S), given {an, bn) the basic tool to compute the 
spectral measure is Markov theorem. In the classical textbooks [20, §3.5],[6, p. 89] it 
is proved under the restrictive assumption that the measure support is bounded (which 
implies that the moment problem is determinate). More recently it was proved under the 
sole hypothesis of determinacy of the moment problem [3],[24]. It can be stated as : 

Proposition 1 For a determinate moment problem the Stieltjes transform of the (unique) 
orthogonality measure is given by 


Qn (^) 


lim 

n->oo Pn(x) 


= — lim 


7(1) 

n—1 


X) 


dip{t) 


X eV = 


_ , piFn{x) J X-t' 

where the convergence is uniform in compact subsets of V. 

Let us mention the connection with hnite continued fractions. One has 
Qn{^ 


( 10 ) 


Pn(x) 


= 1/x — Oo — b(/x — Oi — bi/x — ■ ■ ■ — b(^_ 2 lx — a„_i. 


( 11 ) 


which can be written, using the Christoffel numbers Afc^„ according to 

Qn{P) V ' ^k,n f dlpn{t) 


Pnix 


E 


(x) ^ J X-t 


( 12 ) 


As shown in [3], when the moment problem is determinate, the measure i(n converges 
weakly to i). The limiting continued fraction does give the Stieltjes transform of the spectral 
measure 


d'ijj{t) 

X — t 


= 1/x — Oq — fop/a; — ai — b\/x — • • •, 


X G 


(13) 



The continued fraction encodes not only the coefficients appearing in the recurrence rela¬ 
tion of the polynomials, but also the moments in the asymptotic series 



valid uniformly in 5 < argx <71 — 6 provided that 0 < 5 < 7r/2, as shown in [1, p. 95]. 
Since we want to discuss some work of Stieltjes, let us mention that he often substitutes 

X > X , Qin T ^^n•| 6^ Xn 

and writes 

f „ ^ ^ = 1/x^ -|- Aq -l- /io — Xofii/x"^ -|- Ai -|- yU-i — Xx^i^jxX' -!-•••, X G C\M. (15) 
j x^ + t 

Let us make the further assumption that /xq = 0. Considering 

X 

— - = x{\/x^ + Ao - Xoiii/x^ + \i+ fj,i- \ifj, 2 /x‘^ H-), 

x^ + t 

and upon iteration of the identity [19, p. 404] 

x'^ -\- Aq/I -I- f^ijD = x^ -\- \q — Ao/U-i//ii -|- Z), 



we get hrst 

—^— -dipit) = \/x^ -\- Ao/1 -l- /ii/x^ -|- Ai/1 -|- ^ 2 /x^ 

X ~\~ L 

easily transformed into 

X 

— - dipit) = l/x + Xo/x + fii/x + Xi/x + ^ 2 lx -\ - (16) 

x^ + t 

So, under the assumption that /xq = 0, we have transformed the initial J-continued fraction 
(13) into an S-continued fraction (16), following the derivation due to Stieltjes in [19]. 




3 Stieltjes continued fractions with elliptic functions 


Stieltjes gave four continued fractions involving the Jacobi elliptic functions usually de¬ 
noted as sn (m, /c^), cn (m, k"^) and dn (m, k"^), with parameter 0 < < 1. Let us record two 

of them 

pCSD 

I dnue~^'^ du = Ijx -f k^ jx J- 2^/a; J- d^k^/x J- ^ jx + • • •, 

(17) 

c'n.ue~^^ du = l/x + l^/x J- 2^k‘^/x + 3^/a; J- 4^/c^/a; -!-••• 


Jo 

for Rex > d. These relations are also quoted in Wall’s book [25, §94]. 

On these relations we recognize S-continued fractions, the hrst one corresponding to 
the polynomials with recurrence coefficients A„ = k‘^{2n + 1)^ /i„ = 4n^, and the second 
one to A„ = (2n J- 1)^ /r„ = AkX‘n‘^. 



Notice that using the transformation theory of elliptic fnnctions, namely the relation 
dn{u;k) = cn{ku;l/k), one can deduce, by elementary algebra, the second continued 
fraction from the hrst one. 

The hrst proof of (17), published by Stieltjes in 1889 in [18], used intensively the 
addition relations for the elliptic Jacobi fnnctions and was quite lengthy (it may be fonnd 
in Wall’s book). But in 1891, in a letter to Hermite (published only in 1905 [2, p. 208]), 
he fonnd an elegant shorter proof which we shall report ^ 

The starting point is to dehne 


POO pOO 

Cn= cn u {sn u)"'e~^'^ du, Dn= dn u {snu)^ du, n G N. 

Jo Jo 

For Rex > 0 an integration by parts gives 


(18) 


l-Dl, 

xC^i 

n > 1 , 

1 - eCl, 

xDyi TiCyi—1 k (tZ “h l)^n+l7 

n > 1. 


(19) 


So if we dehne 


Po = Co, Pn = 


a 


nDn-i' 

we get the non-linear recurrences 


go = Do, qn = 


Dr, 


nCn-i ’ 


n > 1, 


( 20 ) 


1 

x + {n + l)^gn+i’ 


1 

x + k‘^{n + l)2pn+i’ 


n > 0. 


( 21 ) 


Iterating these relations starting from po and go gives relations (17). 

The continned fractions given by Stieltjes are qnite impressive, since from them we can 
get easily the moments and the orthogonality measnre, as we will explain now. 

Let us start from the Taylor series 


dnu = y~~^(—1)^ 


n>0 


(2n)! 


u 


So = 1, Si = k"^, S 2 = k‘^{d + k'^), S3 = A ;^(16 -|- 44 /c^ -|- k"^), 

which, inserted in (17), indnces the asymptotic series 


X 


x^ + t 


dip{t) = / dnue du x y~~^(—1) 


n 


n>0 


^2n-\-l ’ 


( 22 ) 


(23) 


from which we conclude that the coefficients s„ are indeed the moments of ip. Their asymp¬ 
totics follows easily from the generating function (22) and Darboux theorem: 


2-ffiiL 

n—^oo ’ 


(24) 


showing explicitly that the series (23) is indeed asymptotic. 

^Exactly the same proofs appear in [15], without any reference to Stieltjes, but some years later, in 
1907. 



Let us start from the Fourier series 


(\nu = 'ipo + ^ 


cos n 


nu' 


n>l 


K )' 


with the coefficients 


^0 = ^, 




, n>l, q = e-^'"‘. 


K 1 + 

Inserting this relation into the hrst continned fraction (17) gives 


J + t X 


X 


X ^+ (n7r/iL)2 ’ 
n>l ^ ' ' 


(25) 


(26) 


(27) 


showing that the spectral measure is discrete 

^ ^ '4^n ^(nn/K)'^ •) 

n>0 

where is the discrete measnre with nnit jnmp. Similar results can be obtained for the 
hrst continued fraction in (17). 

These deep and elegant results of Stieltjes are quite frustrating since they apparently 
don’t bear any relation with asymptotics. So how should we proceed to derive Stieltjes 
results using Markov theorem? 


4 Stieltjes continued fractions from Markov theorem 


Let us consider the continued fraction with = k‘^{2n + 1)^ and = 4n^. We need the 
asymptotics of the polynomials F„ and of their associates of order one Fn'^. So we need 
two generating functions. Carlitz [5] has obtained a hrst one 


F{x-,w) = 


nl 


n>0 


( 1 / 2 ), 


FJx) Ui” = 


cos(^/x0(w)) 

Vl — k'^w 


9{w) = 


du 


h 2a/m(1 — m)(1 — k?‘u) 

(29) 


Notice, en passant, that G{x;w) = Vl — k'^w F{x; w) is a solution of Heun’s diherential 
eqnation [16] 


d^G 

dw'^ 


1/2 _ _yi_ _ _YIU] ^ ^ G = 0. 

w 1 — w 1 — k'^w ) dw 4 


Using theorem (8.4) in [20] (see [21] for the details) one deduces the asymptotics 

1 TTn 


Fn{,x) 


2k'^n (F) 


a;sin(v^iF), 


X E 


(30) 


(31) 


The generating fnnction needed for the associated polynomials was given in [21] (set 
c = 1 and p = 0 in the relation (2.15) of this reference): 




Fi^Hx) 


N{w) 


n>0 


(3/2), 


2\/l — k‘^w’ 


( 32 ) 




5 Generalization of Stieltjes results 

Since Stieltjes results in the nineteenth century, only a few generalizations could be ob¬ 
tained. The hrst one is due to the Chudnowski [8], who changed the elliptic function 
f{u) = dnw into solutions of Lame’s equation 

(P f 

+ xf = n{n + 1)A;^ sn^ u f, n eN, 
du^ 

but no explicit results were given on the spectral measure and, since n is an integer, there 
is no limiting process which can lead back to Stieltjes continued fractions (17). 

Another generalization, involving a continuous parameter c > 0, was obtained in [21]. 
Working out an appropriate generating function and the polynomials asymptotics, Markov 
theorem ^ yields : 


^Use relations given page 756 in the previous reference, and algebraic steps as in section 4. 



Proposition 2 For the orthogonal polynomials with recurrence coefficients 

An = ^^(2n + 2c + 1)^, /in = 4(n + c)^(l — (5„o), n>0, (35) 

the Stieltjes transform of the orthogonality measure is given, for x G C\R and c> 0, by 

/ X TV (c 

2 , dfjif) = ’ = l/x + \q/x + p,i/x + \i/x + li^/x ^ -, (36) 

x^^ +1 D[c-,x) 

with 

(snii)^'' {snu)^^~^ 

—( 2 ^^ D{c;x) = J cnu (2c- 1 )! ^ 

using the notation (a)! = r(Q; + 1). 

Remarks: 

1. The limit c —0 is tricky for D. One has to use 

hmD(c;a;) = lim 2e~^^ / sinh(a;(i^ — m)) cnw - - rr sinh(a;i^), 

c^o c^o Jq (2c-1)! 

and in that way Stieltjes result is recovered, but we see that for a generic value of c it is 
no longer possible to transform this ratio of integrals into a single integral. 

2. Their spectral properties are now under investigation [17]: it can be shown that the 
spectrum is discrete and that its asymptotic behaviour is independent of the parameter c. 


The indeterminate case 
6 The Nevanlinna parametrization 

According to the growth of the coefficients (An, /in), with /xq = 0, we may have three 
different possibilities [1]: 

1. indet S iff (^Tn + V/inTTn) < oo. 

2. indet H (which implies indet S) iff ^/h'k'^kY < oo. 

3. det S and indet H iff l/ZinTTn = oo and Yl^=i'^n{Yyk=i l/hfcTTfc)^ < oo. 

For an indeterminate moment problem (see a detailed account in [4]), one first defines 
the series 


n—1 

^n(^) ^ ^ ^ Qfc(O) QkiX)i 

k=0 

n— 1 

n—1 

Cn{x) = 1 + X ^ Pfc(O) Qk{x 

k=0 

n — 1 

Bn{x) = -1 + X ^ (5fc(0) Pk{x), 
k=0 

i:>n(a:) =x'^ Pfc(O) Pk(x), 

k=0 



( 38 ) 



constrained by 

An{x)Dn{x) - Bn{x)Cn{x) = 1. 

In the indet H case, these series, for n ^ oo, converge absolutely and uniformly [1] on 
compact subsets of C) to entire functions A[x), ■ ■ ■ ,D{x). 

The Nevanlinna matrix Af is then 

/ A{x) C{x) \ 

Af{x) = , A{x)D{x) — B{x)C{x) = 1, Vx G C. (39) 

y B{x) D{x) J 


It gives the Stieltjes transform of all the Nevanlinna-extremal (or N-extremal) measures 


f d%lj\{t) A[x)\ — C{x) 
J x — t B{x)\ — D{x)' 


A e MU {oo} ~ S^. 


(40) 


For these measures and only for these measures are the polynomials Pn dense in L^(M, dipx). 

Let us observe that the Stieltjes transform being meromorphic, the N-extremal mea¬ 
sures are all discrete with 


^A(s)e„ 

sGZx 


^a(s) 


1 

B'{s)D{s) - B{s)D'{s) 


where Zx is the zero set of the entire function BX — D (or B for A = cx)). 
The series 

= ^ = i= ii,„ 

On -Pn(O) “ /ifcTTfc a n^oo Q;„ ^ 


(41) 


(42) 


is quite important since, as shown in [7], [4] the positively supported measures are given by 
A G [a, 0]. As we will see the border measures ipo and tjja play a prominent role. In terms 
of the self-adjoint extensions of the Jacobi matrix ipQ corresponds to Krein’s extension [13] 
and ipa corresponds to Friedrichs extension [14], 

Polynomials for which the Nevanlinna matrix and N-extremal measures are known, 
more or less explicitly, are not very numerous: they correspond to strong increase of the 
{Xn, l^n) for large n. This increase may be exponential, as for the g“^-Hermite [11], and 
in this case all the N-extremal measures are known explicitly! Many other references to 
related to q-polynomials are given in [4], 

When the (A„,/i„) are some particular quartic polynomial [4] the Nevanlinna matrix 
and the border N-extremal measures are explicitly known. More recently the Nevanlinna 
matrices for some cubic cases have been obtained [9] but only the asymptotics of the N- 
extremal spectra could be obtained. An example of the “exotic” case det S and indet H is 
available for the Al-Salam-Carlitz polynomials and is discussed in [4]. 

Let us now turn to the determination of the Nevanlinna matrix from generating func¬ 
tions. 



7 Dual polynomials versus Nevanlinna matrix 

Using the relations given in (6), (8) and (9) the Nevanlinna matrix can be written as 


A{x) 

C{x) 


' n=l 


1 - 


X 

/il 


n=0 


D/' ^ 1 I Fn{x) 

B(x) = —i + xy -, 

“ an 

n=l 

oo 

D{x) =x'^Fn{x). 

n=0 


(43) 


If we know the generating function G{x] w) 


Fn{x)w"', from Abel’s lemma we deduce 

n>0 


D{x) = X lim G{x;w), 

W^l — 


and similarly for the function G related to the polynomials 

The computation of A and B, as shown in [22], is related to the dual polynomials F^ 
dehned in [12] by the recurrence 


xFn fin+lFn^l T (Afj T fJ'n^Fn T \n—lFn—l, 
F_i{x) = 0, Fo{x) = 1, 


(44) 


with the coefficients [12] 

fJ'n+li ^ ^ 0 , fin ^ ^ 0 , Tin • 

fJ'n+l'^n+1 

Notice that for the initial coefficients (A„, fin) we have fio = 0, but for the dual coefficients 
ho = Ao > 0 from positivity. 

Let us prove hrst: 


Proposition 3 Let us consider an indet S moment problem, with coejficients (A„, fin) 
such that fio = 0. Let the F^ be the dual polynomials as defined previously. Then one has 

B(x) - fa ^ .1 + Fn (46) 


Proof: 

Let us start from the double series for B given in (43). Since the moment problem is indet 

S, the series-is absolutely convergent and the same is true for the series > FAx) 

an ^ 

n 

for X in any compact subset of C. We can interchange the order of the summations to get 


B{x) = -l-xJ2^— '^Fni.x) = -l-xJ2^— (5^^n((r) - ^^^^((r) ) 


(47) 



The first piece is related to the function D and the second one is simplihed using the 
relation, proved by induction: 

fc—1 ^ 

Fn{x) = -— Fk-i{x) = Fk-i{x), (48) 

^ /^o 

and this concludes the proof. □ 

Let us define the zero-related dual polynomials Fn as those polynomials with recurrence 
coefficients 

f^n+1: ^ ^ 0, h'n(l ^no) '^n(l ^no)- 

These new polynomials can be expressed in terms of the F^ and their associates of order 
one by 

Fn(x) = Fn(x) - n>0. 

Ml 

We are now in position to prove: 


Proposition 4 Let us consider an indet S moment problem, with coefficients (A^, Mn) 
such that Mo = 0. Let the F^ be the zero-related dual polynomials as defined above. Then 
one has 


A{x) 


Cjx) 

a 


1 

Mo 


n>0 


(50) 


Proof: 

Let us start from the double series for A given in (43). By the same arguments as in the 
previous proposition, we can interchange the order of the summations to get 


A{x) 


fc-i 


-E— ELAw-ELA 

//-. f ^ h 'TTi \ f ^ ^ 


X) 


Ml MkT^k 


vn>l 


n=l 


(51) 


The hrst piece is related to the function C and the second one is simplihed using the 
relation, proved by induction: 

k—1 ^ 

--ELAw = -i + :^u-.(x), (52) 


and, taking into account MkT^kfik-i = Mo, this concludes the proof. □ 

To conclude this section, it seems interesting to modify slightly the Nevanlinna matrix 
Af to the form 

_ / A{x) C{x) \ A = A -, C = C, ^ 

Af{x) =(__); detAf = 1. (53) 

\B{x) D{x) ) b = B-—, L) = D, 

a 

Then the Stieltjes transform, dehning p, = q;A/(A — a), becomes 


f dfi^{t) _ A{x)m - C{x) 

J x-t ~ B{x)M-D{xy 


G M U {cxd} ~ S^. 


(54) 


The positively supported measures correspond now to /i G M"*" U {cx)}, and the border 
measures {ipa, t/’o) become {'fioo, fi’o)- 



8 Markov-like theorems 


Despite Nevanlinna theory, which describes all the measures, the question of what survives 
from Markov theorem remains interesting . As we will see, the two border measures 'ipa 
and ipQ are still given by Markov-like theorems. Indeed one has hrst: 


Proposition 5 For an indeterminate Stieltjes moment problem we have 

lini = - lim — 

n->oo Pr,{x) Fn{x) J X - t ' 

where the eonvergence is uniform for x in any compact subset of V. 


xeV = C\M 


(55) 


Proof: 

The proof given in [3] follows easily from two relations proved in [1, p. 14], which may be 
written 


Qn{x) = Qn{0)Cn{x) - Pn{0)An{x), Pn{x) = Qn{0) Dn{x) - Pn{0) Bn{x) . (56) 

We can replace Pn{0)/Qn{0) by an (see relation (9)) so that 

Ani^X^ an d/^((r) 


Pn{x) 


Bn{P) dDn{,x) 

For n ^ oo, since we are indet S, we have lim «„ = a and the series An{x), - ■ ■, Dn{x) 

n^oo 

converge uniformly in compact subsets of V to the entire functions A{x), ■ ■ ■, D{x). It 
follows that 

Qn{x) A(x)a — C{x) 


lim 

n->oo P„(x) 


(58) 


B{x) a — D{x) 

The theorem follows from (40). □ 

Remark: If the moment problem is det S but indet H, then ipa = 'f’o, is the unique 
measure supported by [ 0 ,-|-cx)[ (the previous theorem does still work in this case), while 
there are plenty of different measures supported by M and given by (40) for A 7 ^ 0. 

Let us give another Markov-like theorem: 

Proposition 6 If we define 

Vnix) = Pn-liO)Pnix) - (0)P„_i(x), Qnix) = Pn-liO)Qnix) - P^(0)(5„_i(x), (59) 

then, for an indeterminate Stieltjes moment problem, we have 


lim = lim 


Vnix) 


xFn{x) 


djjojt) 

X — t ' 


X eV = 


(60) 


where the convergence is uniform for x in any compact subset of V. 

Proof: 

This time we use two further relations given in [1, p. 14]: 

Pn-lix) = Qn-li0)Dnix) - P^.i (0)P„ (x), 
Qn-lix) = Qn-li0)Cnix) - P„_i(0)(x). 


( 61 ) 



Combining (59) and (60) one gets 


2n(^) PnCfiix^^ 


'Pn(^) PnDYiix^i pn 


(- 1 ) 


n+1 


Pn\^n 

In the limit n ^ oo we have uniform convergence on compact subsets of V to 

Qn{x) C{x) 


lim , , — , ,, 

n^oo Vn{x) D{x) 


X eV. 


(62) 


(63) 


The theorem follows from relation (40). □ 

We have given the proofs of Markov-like theorems in the modern setting due to Nevan- 
linna, however let us observe that in his own setting [19] Stieltjes was aware of the existence 
of the measures ipQ and and that they could be obtained from asymptotics. 


9 A quartic example 


The polynomials Fn{c,fi]x) with recurrence coefficients 
An = (4n -I- 4c -I- l)(4n -|- 4c -|- 2)^(4n -|- 4c -|- 3), 

/in = (4n -|- 4c — l)(4n -|- 4c)^(4n -|- 4c -f 1) -|- i^Sno, 


c > 0, /i G M, (64) 


correspond to an indet S (hence indet H) moment problem. Their Nevanlinna matrix was 
given for c = /i = 0 in [4] and used to obtain the border measures 'ipo and 'ipa in closed. In 
the general case the Nevanlinna matrix was given in [22] but explicit measures are quite 
hard to get. We will show how one can recover the results for c = /i = 0 using the previous 
Markov-like theorems. 

We hrst need some background material. Let us dehne the entire functions 6i{x) , 
sometimes called trigonometric functions of order 4 


4 (x) = £(- 1 )' 


X' 


An+l 


I = 0,1, 2, 3. 


n=0 


(4n + /)!’ 

Their derivatives are 

6 q = —S 3 , S\ = (5o, S '2 = 5i, ^3 = ^2 ^ + <5; = 0, / = 0,1,2,3. 

the last relation explains their name. We have two simple cases 


5o(a;) = cos 


X 

7! 


cosh 


X \ 


Soix) = sin 


X 


We will need also the conformal mapping 


9{w) = 


du 


VT 




72 

9{l)=Ko, 


sinh 


/ X 

V71 


A'o , -Ka 


(65) 


( 66 ) 


(67) 


( 68 ) 


which maps C\ U|^q 7[1, cx)[ onto the square with corners ± The inversion 

V 2 V 2 

of the mapping 9{w) involves lemniscate elliptic functions, i. e. with parameter k"^ = 1/2 
see [26, p. 524] according to 

1 sn {V 29 ) 



The basic tool will be the generating function 


(C + 1)„ y;4n+4c+l \ ^ 


n>0 


(c + l/2)„ (4c + 1)! 


with 

5i{p{6{w) — 6{u))) 

J^{c,p;x;w)= --- :^^de{u) 

Jo P (4c-1)! 

, r 6s{p{e{w) - e{u))) , 

- ? -(5JTT)! 

Asymptotic analysis gives 


^ (4c+1)! (l/2)Zc+l/2)„^, 

Fn{c,p,x) ~ n!(c+l)„ Gic,p,x), 


P -- 


with 


-1 ^4c-l 


g{c, /i; x) = So{p{e{i) - e{u))) 


d9{u) 


, fUMOii) - e{u))) ,,, , 

- ? -(4^ 

So, denoting by Fn{x) the polynomials corresponding to the case c = /i = 0 
limiting process 

Fn{x) ~ 7rn(c = 0) (5o . 

The asymptotics of Fn\x) = Fn{c = 1, p = 0] x) is also easily obtained 

d-.w -«(«))) 

—-- 7r,(c = 0) / -- ude{u). 

pi Jo X ' 

Going hrst to the variable 9 and then to ^/2{9{1) — 9) we are left with 


d-.(x) , i2(i>/vv2)) du 

°)X ——““71- 


So we can state, for the Friedrichs extension of the Jacobi matrix: 


Proposition 7 The Stieltjes transform of the measure for Fn{x) = Fn{c 

TCQjds 

f dipait) 1 d 2 {x^^'^u/y/2)) du 


and the measure 


x-t 5o{x^l'^u/^/2) Jo 


(2n + l)7r 


1/2 


CUM 


/ — — 

^0 ^Sinh((2n +l)7r) 


X 


^n. — 


v^’ 

(2n + l)7r 
An 


( 70 ) 

= x''*. (71) 

(72) 

(73) 

we get, by a 

(74) 

(75) 

(76) 

0, /i = 0; x) 

(77) 


4 


(78) 



Proof: 

The Stieltjes transform follows from (74), (76) and the hrst Markov-like theorem. The 
jnmps occnr at 

/ (2n + l)7r\ ^ 

Xn = f- — -j , n e Z. (79) 

To compnte the masses one has to use the relation proved in [21, appendix] 


J 52 {xI/'^u/V 2 ) cnudu = - J cos (^xl/'^u/2j — — du, (80) 

and this last integral is easily computed from the Fourier series of the elliptic functions. 
It restricts n to be positive, and gives 

, Att {2 n + l)7r , , 

= . ... ^ ^ n > 0, (81) 

Aq smh((2n -|- 1 )ti) 

which ends the proof. □. 

Let us consider now the dual polynomials Fn{x) = Fk(c = 1/2,^ = 12; x). Relation 
(72) gives 

Fn\Xj ~ 37r^(c 0) 

Similarly we have = Fn{c = 1/2, = 0;a;) with the asymptotics 

^ r^° dv 

Fn{x) ^ —37ln{c = 0) / Sq{x^^*U / V2) CB. u. (83) 


So we can state, for Krein’s extension of the Jacobi matrix: 

Proposition 8 The Stieltjes transform of the measure for Fn{x) = Fn{c = 0, fj, = 0;x) 
reads 


#o(t) __1_ f 

X — t \fT) Jo 


doix^/'^u V2)) du 
- -j:: -cnn —, 


and the measure 


TT Att 2mr f 2mr\ 

^0 = ^ e^o + ^ —TTTt-^ 

Ko ^0 ^ smh(2n7r) \ Kq J 

Proof: 

The Stieltjes transform follows from (82), (83) and the second Markov-like theorem. The 
jumps occur at 

Xn = > neZ. ( 86 ) 

To compute the masses one has to use the relation proved in [21, appendix] 


5o{x]l^u/y/u) cnudu = - 


cos (xlFu/2) - - du, 

^ ^ dnu 


and this last integral is easily computed from the Fourier series of the elliptic functions. 
It restricts n to be positive, and gives 

, An 2nn , , 

^ 


which ends the proof. 
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